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Abstract

In this papemwe studyrandomizedalgorithmsfor circuit switching
on multistagenetworks relatedto the butterfly. We devise algo-
rithms that route messagedy constructingcircuits (or paths)for
the messagewith smallcongestiongdilation, andsetuptime. Our
algorithmsarebasedon theideaof having eachmessagehoosea
routefrom two possibilities atechniquethathaspreviously proven
successfuin simplerload balancingsettings.As anapplicationof
our techniqueswe proposeanovel designfor adatasener.

1 Introduction

In this paperwe devise algorithmsfor routingmessagem circuit-
switchingnetworkswhereeachmessagehoose$rom two possible
routesanideathathasbeenappliedwith greatsucces# otherload
balancingsituationg12, 17,26, 27].

Underlying every parallelcomputeris a network that delivers
messagebetweerprocessorsr betweerprocessorandmemory
modules. Similar networks are found in the switchesthat route
telephonecalls andinternettraffic. Typically, a messagés sent
from its input node(source)to its outputnode(destination)via a
pathin thenetwork. Methodsfor routingmessagemcludecircuit-
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switching,store-and-fonard routing,andwormholerouting. With
circuit switching,eachmessagenustfirst lock down (i.e.,resere)
apath(i.e.,circuit) in thenetwork from its input nodeto its output
node. The pathis thenusedto transmitthe messagehroughthe
network. In contrast,with store-and-fonard routing and worm-
holerouting pathsarenotresened beforetransmission.

Circuit-switchinghasenjoyed widespreadhopularity sinceits
early usein telephoy and subsequentlyn the designof parallel
computers.Recenttrendsin network designemphasizahe need
for providing quality of service(QoS)guaranteefor communica-
tion. To provide guaranteessopposedo just best-efort service,
network resourcesnustbe reseredbeforecommunicatiorbegins.
Consequentlyseveralmodernhigh-speednultimediaswitchesand
ATMs resere a (virtual) circuit throughthe network for eachcom-
municationreques{37, 38].

1.1 Circuit routing algorithms and their performance

In acircuit-switchednetwork, a messagarrivesrequesting path
from its sourceto its destination.A routingalgorithmdetermines
whichof mary possiblepathsis lockeddown for eachmessagewe
measurahe performanceof a routing algorithmin termsof three
parameterscongestiongdilation, andsetuptime.

Congestioranddilationarepropertief thepathdockeddown
for themessageby theroutingalgorithm. The congestionof a set
of pathsis definedto be the maximumnumberof pathsthat pass
throughary link in the network. Congestions a measureof the
maximumnumberof pathsthatmustbe simultaneoushsupported
by alink of thenetwork, andhencedetermineshe bandwidththat
alink shouldpossessThe dilation of a setof pathsis definedto
be the maximumlengthof a pathin the set. Dilation is a measure
of maximumdistancg(in links) thata messagenusttravel to reach
its destination Finally, the setuptimeis thetime takenby therout-
ing algorithmto allocatepathsthroughthe network. This is the
time overheadnvolvedin pathselectiorbeforetheactualmessage
transmissiondeagin.

Thegoalof this papelis to deviseroutingalgorithmswith small
congestiondilation, andsetuptime.

1.2 Network and problem definitions

Theresultsn this paperapplyto variantsof a populartypeof multi-
stageinterconnectiometwork calledthe butterfly network Butter
fly networksandits variantshave beerwidely usedfor pacletrout-
ing in a numberof commercialandexperimentalnetworks[7, 15,
28, 29]. More recently several proposediesignsor the switching
fabric of scalablehigh-speedATM networks usethe butterfly and
its variantsfor routingvirtual circuits[37, 39].

We definean n-input butterfly network B,, asfollows. An n-
inputbutterfly hasn (log n + 1) nodesarrangedn log n + 1 levels
of n nodeseach’ An exampleof an n-input butterfly (n = 8)
with depthlog n (logn = 3) is shaw in Figurel. Eachnodehasa
distinctlabel(w, ¢) wheres is thelevel of thenode(0 < i < logn)

IThroughouthis paperwe uselog n to denotelogs n.
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Figurel: An 8-inputbutterfly network.

row

andw = wiws . . . Wieg » IS @log n-bit binarynumberthatdenotes
therow of thenode. All nodesof theform (w, ), 0 < i < logn,

are saidto belongto row w. Two nodes(w, i) and (w’,i') are
linkedby anedgeif i’ = i + 1 andeitherw andw’ areidenticalor

w andw’ differ only in thebit in position:’. (Thebit positionsare
numbered throughlog n.) We call thefirst typeof edgea straight

edge andthe seconda crossed@e. Thenodeson level 0 arecalled
theinputsof the network, andthe nodeson level log n arecalled
the outputs Sometimeshe level 0 nodein eachrow is identified
with thelevel log n nodein thesamerow. In this casethebutterfly

B,, is saidto wrap around

We definea randomly-wied butterfly RB,, asfollows. Net-
work RB,, hasthe samesetof nodesand edgesas B,,, except
thatthe crossedgesincidenton the input nodesof RB,, areper
mutedrandomlyaccordingto the following rule. Letd = logn
Eachnode(w; ... wq, 0) of RB, is connectedy acrossedgeto
node(wy ...w}, 1) if andonly if wy # wi andow, (wa ... wq) =
wh . .. wly, whereoy ando; arerandompermutation®f the setof
(log n — 1)-bit numbers.

We definea two-fold butterfly B B,, asfollows. Network BB,,
consistsof two copiesof B,, placedone after the othersuchthat
eachoutputnodein thefirst copy is identifiedwith the correspond-
ing inputnodeof thesecondtopy with thesamerow number Note
that BB,, is amultistagenetwork with n rowsand2logn + 1 lev-
els. Thenodesn level 0 arecalledtheinputsof B B,, andthenodes
in level 2log n arecalledtheoutputsof BB,,. Also, obsere thata
routingalgorithmon B B,, canbe simulatedoy makingtwo passes
througha butterfly B,, thatwrapsaround.

It is importantto contrasthe B B,, network with anothercom-
monvariantof the butterfly, the Ben& network An n-nodeBené&
network consistsof two copiesof B,, placed"back-to-back”such
thateachoutputnodeof thefirst copy is identifiedwith the corre-
spondingoutputnodeof theseconccopy.

In this paper we studya canonicakircuit routing problemthat
is known asthe permutationrouting problem. In a permutation
routing problemat mostone messageriginatesat eachinput of
thenetwork andat mostonemessagés destinedor eachoutputof
thenetwork.

Wedistinguishtwo kindsof permutatiorroutingproblems:static
anddynamic. In a static problem all the messagethat constitute
a permutationrouting problemare presentat time 0, beforethe
routing bagins. The routing algorithmconstructathsfor all the
messagef a “batch” mode. All the messagesare deliveredto
their respectie destinationdeforethe routing of the next batchof
messagebagins. In contrastjn a dynamicproblem messageare
injectedor deletedoneby one.Theroutingalgorithmroutesa path
for eachinjectedmessagé@ anon-linefashionwith noknowledge

of future messagarrivals. We assumehatat ary time, the mes-
sagesheingroutedform a partial permutation;that is, eachinput
andoutputnodecorrespondo atmostoneroutedmessage.

1.3 Previous work

Thereare several differentsub-area®f researctthatrelateto our

work. We provide a summaryof the mostrelevant.

Routing in Butterfly Networks. Thereis avastliteratureon rout-

ing in butterfly networks[20, 21]. Much of the earlywork focuses
on store-and-fonard routing[1, 23, 24, 31, 35, 39, 41, 42]. More

recently therehasbeenprogressn analyzingwormholerouting
algorithms[10, 11, 13, 36]. Sincewe presentno new resultsin

thesetwo routing methodswe focusonly on the butterfly circuit-

switchingliterature.

In two early papersBeizer[8] andBenes [9] shawved thatary
staticpermutationrouting problemcanbe routedwith congestion
1 anddilation 2 log n on ann-input Bene network. Subsequently
Waksmar{43] providedanelegantalgorithmthattakesO(n log n)
time to determineall the paths,but requiresglobal knovledge of
the sourceanddestinatiorof all the messaged.ater, Nassimiand
Sahni[30] shavedhow to implementWaksmars algorithmin par
allel on the Bené andrelatednetworksin time O(log® n). How-
ever, theiralgorithmis complex andrequiresthe Benes network to
emulatea completenetwork by executinga seriesof sortingrou-
tines.

Althoughthe Bené network andthe B B,, arecloselyrelated
in structure whetheror notit is possibleto routeanarbitraryper
mutationrouting problemin an offline fashionwith congestiont
onthe BB,, is along-standingopenproblem.

In this paper we devise routing algorithmsthat minimizecon-
gestion A complementargpproachaimsto maximizethroughput.
Previouswork hasstudiedhemodelwhereeacHhink cansupportat
mostq paths,andthe goalis to maximizethe numberof messages
thatlock down paths.KruskalandSnir[19] shavedthatif eachin-
putin abutterflynetwork B,, sendsamessagé& arandomlychosen
output,andat mostonemessageanuseary edgeof the network
(i.e.,q = 1), thentheexpectechumberof messagethatsucceedn
locking down pathsto theirdestinationss ©(n/logn). Koch[18]
generalizedhe resultof Kruskaland Snir by shaving thatif each
edgecansupportqg messagesy > 1, thenthe expectedfraction
of messagethatsucceedn locking down pathsis ©(n/ log!/? n).
MaggsandSitaramari24] generalizedhe previoustwo resultsby
shawing that,by makingtwo passeshrougha butterfly, it is possi-
ble to routean Q(n/ log!/4 n) fractionof ary permutation(rather
thanonly arandompermutation)with high probability
Use of Randomness. An early example of the use of random-
ization for circuit-switchingin butterfly networks is the work of
Valiant[41, 42]. Valiantshavedthatary permutatiomoutingprob-
lem canbe transformednto two randomproblemsby first routing
apathfor eachmessagé¢o arandomintermediatedestinationand
thenonto its truedestination Thisimpliesthatwe canroutepaths
for a (static or dynamic) permutationrouting problemon a two-
fold butterfly B B,, with congestior®(log n/loglogn), anddila-
tion 2logn. Note thatthe pathsfor eachmessagean be setup
independentlywithout completeknowledgeof the permutationin
O(log n) time. We shav how to userandomizatiorto routepermu-
tationswith substantiallysmallercongestiorandthe samedilation.

Ranadd34] obsered thata smalleramountof randomnesss
suficientto implementValiant’s algorithm. Note that eachswitch
hastwo input links andtwo outputlinks. Ranadenotedthatit is
sufiicientthateachswitchin thefirst log n levelsof BB,, shuntsa
messagérom eachinput link to a random(anddistinct) outgoing
link. Thus,messagearesentto randombut notindependenties-
tinationsusingonerandombit perswitch. Thefirst log n levels of
sucha BB,, constitutea flip network A flip network was subse-



quentlyusedin [24] in the contet of circuit routing. We useflip
networksin our routingalgorithmsin Section2.

Randomnesgan be usedin constructingthe network itself.
The useof randomness$o designmultistagenetworks datesback
to Ikeno[164, and Bassalygoand Pinsler [5]. Networks suchas
therandomly-wiredmultibutterfly areknown to have goodrouting
andfault tolerancepropertieg40, 22]. Recentresultsprovide al-
gorithmsfor routing circuits for ary permutatiorrouting problem
with congestionl in multibutterfly andmulti-Bene networkswith
set-uptime O(log n) [2, 32). Unlike thesenetworks, our resultsin
Section2 applyto commonly-usedetworkslike B,, and B B,, that
requireneitherrandomwiring nor expanders.
Balls-and-binsproblem. Our approacho circuit routingis influ-
encedby recentadvancesin the classicalballs-and-bingroblem.
It is well known thatif n ballsaretossedandomlyinto n bins,the
maximumnumberof ballsin ary bin will be ©(logn/loglogn)
with high probability Azar et al [4] considerthe following dy-
namicprotocolfor throwing n ballsinto n bins: for eachball pick
two binsindependenthanduniformly atrandomandplacetheball
in thebinwith thesmalledoadatthetime of placementThey shav
thatafterall ballsareplacedin bins,the maximumload of ary bin
is ©(log log n), with high probability

Staticprotocolsfor the balls-and-binproblemweredeveloped
in[17], [12], and[27] andappliedto PRAM simulations.They con-
sidervariantsof thefollowing processlnitially, eachball chooses
two randombins. In around,eachball not yet allocatedaccesses
its two bins. Eachbin with at mostc accessingalls acceptsall
of them. The otherballstry againin the next round. This proto-
col guaranteesnaximumload c. Evenfor constant, the protocol
allocatesall balls, with high probability usingonly O(loglogn)
rounds.

We apply similar “two-choice” algorithmsto circuit routing.
Notethatthis is a morecomple situation. Thinking of eachmes-
sageasa ball andeachnetwork edgeasa bin, we seethatfinding
a pathfor eachmessageorrespondso placingeachball in se/-
eraldependenbins. Thesedependenciesubstantialljincreasehe
difficulty of theanalysis.

Circuit routing in generaltopology networks. Dynamiccircuit-
switching hasbeenextensiely studiedin an on-line competitive
framawork for arbitrary network topologies. (See[33] for a sur
vey). Resultsareknown for minimizing congestior{3] andfor the
maximizingthroughpuf{14]. Thisframevork canincorporatenore
generalparametersuchasthe circuit bandwidthandcircuit hold-
ing time. However, theseresultsdo not yield routing algorithms
with congestiorsmallerthan® (log n) for theregularly-structured
muti-stagenetworksthatarethefocusof this paper

1.4 Our results

We introducetwo new protocolsfor circuit-routing: the collision

protocolandthe minimum protocol. In contrastio Valiant's algo-
rithm, which picks onerandompathfor eachmessagethesepro-

tocolschoosewo random(but notindependentpathsp andp’ for

eachmessageV/. The collision protocol usesa suitably chosen
thresholde, andallocateseitherp or p’ to messageV/, provided

the congestiorof the allocatedpathis at mostc. In contrastthe
minimumprotocolallocatego M the pathwith thesmallerconges-
tion. As mentionedpreviously, protocolsof this flavor have been
utilized and analyzedin simpler settings. We extend thesetech-
niquesto circuit-routing.

Static Permutation Routing. In Sectior2.1,we shav thecollision

algorithmroutesary permutationon the two-fold butterfly BB,,

with congestiorO(log log n/ log log log n), with high probability

anddilation2 log n. Thesetuptimeis O(log n loglog n/ logloglogn).

Our routing algorithmachieres a substantiallysmallercongestion
boundthanValiant's algorithm. Comparingour resultwith Waks-

mans algorithm,which achiezescongestiorl on aBene network,
werequiresubstantiallysmallersetuptime. Furthermorewedonot
require completeknowledge aboutthe permutationbeing routed
andour routing algorithmcan be implementedn the network it-
self. Comparingour resultto the algorithmof Nassimiand Sahni
[30], ouralgorithmis muchsimplerandfasteralthoughtheir algo-
rithm achievessmallercongestion.

Dynamic Permutation Routing. In Section2.2, we analyzethe
minimum algorithmfor routing ary dynamicpermutatiorrouting
problemon network BB,,. The congestionis O(loglogn) with
high probability thedilationis 2 log n, andthe setuptime for each
nev messagés O(logn). Priorto this work, every known algo-
rithm for thedynamicpermutatiorroutingproblemon the butterfly
andrelatednetworksrequired2(log n/ log log n) congestionOur
algorithmis optimal in that ary routing algorithmon BB,, that
considersonly a constantnumberof alternatepathsper message
mustincur ©2(log log n) congestiorj4].

Data Server Architecture. As anapplicationof our techniques,
in Section3, we presenta proposalfor the architectureof a data
sener. The datasener utilizes network RB,, to connectn users
to n disks. Eachuseris associatedavith a distinctinput nodeand
eachdiskis associatewvith adistinctoutputnodeof RB,,. Objects
(typically large,e.g.movies) aredistributedamongthe disks.

A canonicataskperformedby the datasener is thefollowing.
Givenn requestgo objects,oneper user theserequestanustbe
satisfiedby providing a pathfrom eachuserto a disk thatcontains
their requestedbject. The congestiorof the pathsmustbe min-
imized. Besidescongestionanotherimportantperformancemet-
ric is disk contentionwhich is often a bottleneck.We definedisk
contentionto be the maximumnumberof simultaneousequests
thatary disk mustsatisfy In Section3, we devise algorithmsthat
achieve bothsmallcongestiorandsmalldisk contention.

Thestandardechniqueof storingthe objectsby independently
and randomlydistributing themto the n disksyields congestion
anddisk contention9 (log n/ log log n), with high probability To
achieve lower congestioranddisk contentionwe storetwo copies
of thesameobjectontwo disks.

2 Routing in the two-fold butterfly

2.1 Static routing in BB,

We describea simple, efficient algorithmfor routing permutations
on the two-fold butterfly BB,,. Recallthat the two-fold butter
fly BB, hasn inputsat level 0 andn outputsat level 2d, where
d = logn. Givenapermutationr, our routingalgorithmconnects
eachinputnodes to the correspondingutputnoder (4); eachpair
(4,7 (4)) of inputandoutputnodess calledarequestOurrandom-
ized algorithmroutespathssuchthatthe maximumcongestioron
anedgeis O(loglogn/ logloglogn), with high probability Fur
thermorethetime requiredby the algorithmto setup all the paths
is atmostO (log n log log n/ log log log n), with high probability
The c-collisionalgorithm. We usethecollisionprotocoldescribed
belov to perform the routing. The c-collision protocol initially
choosestrandomtwo possiblepathsfor eachrequest Eventually
oneof thesepathswill sene astherequiredconnection.

The two randompathsfor eachrequestare choserasfollows.
Thenodeson levelsO,...,d/2 — 1 andd + d/2 + 1,...,2d are
flippedrandomly In particular eachinput andoutputnodemaps
thefirst path p of arequesto its straightedgeandits secondpath
p’ to its crossedgewith probability 3 ,andwith probability 1 the
orderis reversed. Similarly, eachnodeon levels 1,...,d/2 — 1
andd+d/2+1,...,2d — 1 with probability% connectsts input
straightedgewith its outputstraightedgeandits input crossedge
with its outputcrossedge,andwith probability% the connections
arereversed.Notethattheserandomchoicescompletelydetermine



the two pathsp andp’ of eachrequest,becausehereis exactly
onepathconnectinga nodeon level d/2 with anodeon level d +

d/2 in a BB,, network. For a pathp, the otherpathp’ connecting
the sameinput and output nodesis called the buddy of p. The
randomswitchingensureshatary edgeon thelevels1,...,d/2

andd+d/2+1,...,2d istraversedby atmostoneof therandomly-
generatecpaths. However, eachedgeon the interior levels, i.e.,

onewith “top” nodeon oneof thelevelsd/2 + 1,...,d + d/2,

is potentially traversedby several of thesepaths. We call these
edgesollisionedges andwe saythattwo pathsthatcrossthesame
collision edgecollide.

The c-collision algorithm proceedsn roundsto selecta path
for eachrequestasfollows. Initially all pathsare active and not
selected A pathp is eligible to be selectedf for eachedgee €
p the numberof active pathstraversinge is at moste. If p and
its buddy p’ are both eligible to be selectedpnly oneis selected
arbitrarily. A pathp ceaseso beactivein aroundif p is selectedr
the buddy of p is selectedn thatround. The algorithmterminates
whenthereareno moreactie paths.

Eachround of the c-collision algorithm can be implemented
usinga store-and-fonardalgorithmasa subroutinein afirst pass,
for eachactive path,a pacletis sentalongthe pathfrom level 0 to
level 2d. During this pass.for eachedge,the numberof paclets
traversingthe edgeis counted.Then,in asecondoassall paclets
areroutedbackward alongtheir respectie pathsfrom level 2d to
level 0. During this passthe congestiornfor eachactive pathis
computedNotethat,in thismodel,whencomputingthesetuptime
the pacletsandedgesof the network canactin parallel,andhence
aroundmay completen o(n) time.

The c-collision algorithm selectsa path p in a roundonly if
p collideswith no morethanc — 1 otheractive pathson ary of
the edgesin p. This impliesthatary edgethatis includedin at
leastoneselectedpathis includedin at mostc — 1 otherselected
or active paths. As a consequencehe congestiorof all selected
pathsis atmostc. Notethatthealgorithmasdescribeds notguar
anteedto terminate.However, in Theorem2.1, we shaw thatif ¢
is suficiently large, the algorithmwill terminatewith maximum
congestionat mostc, after a small numberof rounds,with high
probability In practice we mayterminatethealgorithmaftersome
fixednumberof rounds;all requestshatstill have two active paths
attheterminationpointmaychooseonearbitrarily, andin this case
we fail to guaranteeongestiort.

Theorem2.1 For any constante > 0 andc suc thatc! = (1 +
€) - logn, the probability that the c-collision algorithm on BB,,
takesmore thant = ©(loglogn/ logloglog n) roundsto selecta
pathfor everyrequests at mostrn ~*/4+1+°(1)  Fyrthermoe, eath
roundcanbecomputedn time O(log n), with high probability.

Proof. First,weshaw thatif thealgorithmdoesnotterminateafter
t rounds,we canconstructa “witnesstree”. Next, we shav how
the witnesstree can be prunedto avoid stochasticdependencies.
Finally, we shav by enumerationthatthe probabilityof occurrence
of aprunedwitnesstreeis at mostn, ~¢/4+1+o(1),

Constructing awitnesstr ee.Fix apermutationr to berouted,and

thesettingsof therandomly-flippedswitcheonthelevelso, . . ., d/2—

landd +d/2 +1,...,2d. Thisdetermineshetwo pathschosen
for eachrequest.Assumethatthereis a requestwith pathsp and
p’, andneitherpathhasbeenselectedy roundt, wherethe proper
valueof t is to bedeterminedater. Thenp collideswith atleastc
pathsof otherrequestsn roundt at someedgee. Letp, ..., p.
denotethe ¢ pathsthat collide with p in roundt ate. Theroot of
the witnesstreeis the requestorrespondingo p andthe requests
correspondingo p1, . . ., pc areits children. The pathsp, .. ., pc
andtheir buddiesp’, . . ., p.. werenotselectecatroundt — 1. Ap-
plying the agumentrecursiely to p!, ..., p. we canconstructa
completec-ary treeof heightt. Thistreeis calledthewitnesdree

Eachnodev in the witnesstree corresponds$o a requestwith
two associategbaths,oneof which collideswith one of the paths
associatedvith eachsibling and the parentof v (unlessw is the
root), andthe otherof which collideswith oneof the pathsassoci-
atedwith eachof the childrenof v (unlessv is aleaf). We call the
first paththe up path of v andthe otherpaththe downpath of v.
Theup pathof therootandthe down pathsof theleavesaredefined
to beemptypaths.Notethatby theterm*“collision representetly
nodev” we meanthe collision of the down pathof v with the up
pathsof the childrenof v in thewitnesstree. Finally, to give each
treeauniquerepresentationye assumehatchildrenof anodeare
listedin increasingorderfrom left to right basedon theinputnode
numberof the correspondingequest.

The requestgorrespondindo the nodesof a witnesstreeare
not necessarilypairwisedistinct. Furthermorethe up anddowvn
pathsof distinctrequestsnay overlapin therandomly-flippedev-
els,sothatarandomly-flippedswitchcanbeincludedin morethan
one of thesepaths. Hence,the collision eventsrepresentedyy a
witnesstree are not necessarilystochasticallyindependent.Note
that,if they werestochasticallyndependentt would berelatively
straightforvardto aguethetheorem.

Pruning the witnesstr ee. Theintuitive reasorwhy thedependen-
ciesdonotaffectthefinal conclusioris thatthereareonly O(log n)
nodesin thewitnesstree,hencethe dependencieare“rare”. In or-
derto handledependenciesye prunenodesfrom the witnesstree
asnecessaryThis pruningis doneby a traversalthroughthe tree
visiting the internalnodesin breadth-first-searcbrder startingat
theroot. Whenanodeu is visited duringthis traversal the depen-
denciesbetweernthe collision representedby v andthe collisions
representedby nodesvisited beforev arechecled. If the depen-
denciessignificantlyaffect our calculationsthe nodeshelov v are
pruned,andtheseprunednodesare excludedfrom the subsequent
traversal.

The detailedpruningrulesfollow. For a nodew visited during
thetraversallet B(v) denotethesetof nodesvisitedbeforev. Fur-
thermore Jet I'(v) denotethe setof nodesthatarechildrenof the
nodesin B(v), thatarenot prunedbeforew is visited,andthatare
notin B(v) themseles. For theroot r of the witnesstree, B(r)
andI'(r) areemptysinceour traversalstartsat . We distinguish
two pruningrules:

1. If apathassociatedvith oneof v's non-prunecthildrentra-
versesa randomly-flippedswitch thatis alsotraversedby a
pathassociateavith anodew from I'(v) thenthec subtrees
rootedatthechildrenof v areremovedfrom thetree,andthe
¢ subtreesootedat the childrenof u arealsoremoved from
thetree. Thenodew is calleda pruningnode The nodeu
thatcausedhe pruningis calledthe conflictingnodeof v.

2. If apathassociateavith oneof v’s non-prunecthildrentra-
versesa randomly-flippedswitch thatis alsotraversedby a
pathassociateavith anodeu from B(v) thenthec subtrees
rootedat the childrenof v areremaoved from the tree. The
nodesv andu areagaincalledpruningandconflictingnodes
respectiely.

Whenthereis morethan one choicefor a conflicting nodefor a
certainpruningnodewe malke the choicearbitrarily, sothateach
pruningnodecanbe associatedvith exactly oneconflicting node.
Furthermorethesecondoruningrule is considereanly if thecon-
ditionsfor thefirst pruningrule arenot met.

Notethatthepruningrulesensurehat,for every nodew visited
aftertherootr, thesubgraphnducedby B(v) UT'(v) is connected,
thatis, B(v) U I'(v) inducesa subtreeof the full witnesstreewith
rootr. Also, whenanodew is visited, up to 2¢ subtreeof max-
imum heightt — 2 could be prunedfrom the tree. Thesesubtrees
do not includeary nodefrom B(v) U I'(v). Hence,the subtree
inducedby this setonly grows duringthetraversal.



We continuethe pruning procesgtill eitherthereare no more
nodesto visit or therearex = [c¢/2] pruningnodes.In thelatter
case,we apply a final pruning. If v is the xth pruningnode,we
remove from thetreeall nodesnotincludedin B(v) U I'(v). This
effectively stopsthe pruningprocesstthe «th pruningnode.

Thewitnesstreeprunedin thisfashionis calledthe prunedwit-
nesstree Let m denotethe numberof internalnodesin this tree,
andm’ < k denotethe numberof pruningnodes.Let vy, ..., vm
denoteheinternalnodesandwy, . . . , w,,, thepruningnodesn or-
der of visitation, respectiely. Furthermorelet u; denotethe con-
flicting nodeof w;, for 1 < i < m/. Theprunedtreepossessethe
following properties.

1) Any internalnodewv represents collision of the down path
of v andthe ¢ up pathsof the childrenof v.

2) Forary internalnodev, thepruningensureshattheup paths
of the childrenof v do not sharea randomly-flippedswitch
with apathassociateavith anodein B(v) UT'(v) exceptfor
thedown pathof v. (As aconsequencell nodesof thetree
correspondo distinctrequests.)

3) Thedown pathof apruningnodev eithercollideswith apath
p thatis associateavith the conflictingnodeu, or it collides
with apathp suchthatp or its buddysharesarandomswitch
with a path associatedvith u. This pathp is denotedthe
conflictingpathof v.

4) The down pathof a pruningnodew; is not the conflicting
pathof a pruningnodew;, with & < 4. (This canbe proved
asfollows. For contradiction,assumethe opposite. Then
w; = ug andw; € T'(wg). Hencethe subtreebelon w; is
removedwhenwy, is visited. Thismeanghatw, hasnonon-
prunedchildrenwhenw; is visited andconsequent|yw; is
notapruningnode.)

5

~

For eachpruningnodew;, the down pathp of w, sharesat
most5c randomlyflipped switcheswith up anddown paths
associatedvith ary othernodeandconflicting pathsassoci-
atedwith the pruningnodesws, ..., w;. (Thisis because,
accordingto Propertie and4, the down pathof w; is not
equialentto ary suchup,down, or conflictingpath. Further
more,accordingo Property2, thedown pathof w; doesnot
sharea randomswitchwith any otherup or down path, ex-
ceptfor the up anddown pathsof the siblingsof w;, andthe
up pathof w;. With eachof these2¢c—1 pathsthedown paths
overlapsat mosttwice in the randomizatiorlevels, oncein
eachof thebutterfliesin B B,,. Thesameholdsfor thei con-
flicting pathsassociateavith w1, . . ., w;. Thus,thereareat
mostdc — 2 4+ 2k < 5c¢ overlappingswith thesepathsin the
randomizatiorievels.)

Bounding the probability of occurrenceof a pruned witness
tr ee. We boundthe probability of occurrenceof a prunedwitness
treevia enumeration Definethe tree shapeto be a descriptionof
the topology of the treeincluding the pruningandthe conflicting
nodes.Defineanadmissiblewvitnesstreeconfiguation to beatree
shapewith associatedequestsup anddown paths.andconflicting
pathswhich eventually i.e., for somesettingof therandomswitch-
ing, matchego a prunedwitnesstree.In particular any admissible
witnesstreeconfiguratiorhasto fulfill the5 propertiesabove.
Let7 denotehesetof treeshapesorrespondingp atleastone
admissiblewitnesstreeconfigurationandlet I denotethe setof
all admissiblewitnesstree configurationswith treeshapel” € 7.
An admissibleconfigurationk is saidto be activeif the outcome
of therandomswitchingcorrespondso all pathsof the configura-
tion. Hence eachadmissibleconfigurationK hasa probability to
becomeactive, whichis just 277 with p(K) denotingthe total

numberof randomlyflipped switchescoveredby all pathsof K.
As aconsequenceéhe probabilitythatthe c-collision procesgakes
morethant roundscanbe boundedy

Z Z oK)
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=: E(T) .

We aimto give anupperboundon E(T'), for afixedtreeshape
T € 7. E(T) is equalto the expectednumberof active witness
tree configuationswith treeshapel’. Notethatthe treeshapel’
only restrictsthe numberof admissibleconfigurationsthatis, it
defineghesetr, butdoesnotinfluencetheprobabilityfor agiven
configurationk € Kr to becomeactive. This probabilitydepends
only on p(K), and, hence,on the overlappingof the pathsin the
randomizatiorievels.

In thefollowing, we utilize Propertie and5 thatgovernhow
pathsmay overlapto computeF (T'). Insteadof summingover all
admissibleconfigurationsn Cr and multiplying eachindividual
configuratiorwith its probability we considethenodesof the wit-
nessreeoneby oneandcalculateanupperboundon the expected
numberof configurationgor eachindividual node. In particular
we consideffirst all theinternaltreenodesandthenall the pruning
nodeshothsetsof nodesareconsideredn the orderof visitation.

Definetheconfiguation of aninternal nodev; to consistof the
down pathof v; andthe up pathsof the childrenof v;, for 1 < i <
m. Furthermoredefinethe configuation of a pruningnodew; to
bethedown pathof w; andthetwo pathsbelongingto thecolliding
requesbf w;, for 1 < i < m/. A collectionof nodeconfigurations
is saidto be admissiblejf they area subsetf anadmissibletree
configuration. Note thata collectionof admissibleconfigurations
for all internalandall pruningnodes(in conjunctionwith the tree
shapexompletelydefineshe configuratiorof thewitnesstree.

For aninternalnode v; anda collection K of configurations
for the nodesuy, ..., vi—1, let Econ(vs, K) denotethe expected
numberof active configurationdor v; underthe assumptiorthat
the configurationsn K areactive. Note that K alreadyspecifies
therequestssociatedvith v;. (For theroot v; we assumehat K
specifieonly thisrequest.) et Econ(v; ) bethemaximumover all
configurationsK of Econ(vs, K).

Lemma2.2 Econ(vi) < logn/c!.

Proof. We boundtheexpectechumberof active configurationgor
v; by choosingthe down pathp of v; arbitrarily andthenderiving
an upperboundon the expectednumberof choicesof active up
pathspy, . .., p. of thechildrenof v; thatfulfill Propertied and?2.

The expectednumberof active down pathsp is at mostone.
Thisis becausethereareseveral differentpathsin B B,, thatcon-
nectthetwo inputandoutputnodeswhich aregiven by the config-
uration K. However, at mosttwo of themareactive, andthe con-
figuration K determinesvhich of themis the up pathandwhichis
thedown pathof v;.

Givenpathp, thereared = log n possiblechoicesfor the col-
lision edgeat which thedown pathcollideswith p1, ..., p.. Lete
denotethis edgeand/ the level of this edge.W.l.0.g.,we assume
thatd/2 +1 < ¢ <d.

We calculatean upperboundon the expectedhumberof active
up pathsp1, . . ., p. traversinge andfulfilling Property2. Property
2 ensureghat p1, ..., p. useonly unrevealedrandomswitches.
Therefore,we assuméor the following that all switchesare un-
revealed. Note thatthis doesnot decreas¢he numberof admissi-
ble configurationsand, hence not decreasehe expectednumber
of active configurationgor p1, ..., p.. Themainproblemin cal-
culating the numberof active configurationsfor p1, ..., p. is to



handleoverlappingsamongthesepathsand overlappingbetween
thesepathsandthedown pathp in therandomizatiorevels.

The numberof nodeson level 0 from which e canbe reached
is 2°=1. We selectan input nodefor eachof the p;’s from these
nodes. The numberof possiblewaysto choosethesec nodesis

(21 1) becauseherequestassociatedvith the childrenof anode
areorderedaccordingo thelD’sof theinputnodes.Let s, ..., s.
denotethe sourcenodesof the pathspi,...,p. onlevel 0 and
dv = w(s1),...,dc = w(s.) thedestinatiomodesof thesepaths
onlevel 2d.

Next we chooseanintermediatalestinationd; for eachpathp;
onnodelevel d+¢. For every p;, thereare(eventually)severalpos-
sibilities to choosetheseintermediatedestination.However, inde-
pendenfrom the otherpathsof theconfiguratiorof v;, thenumber
of active destinationgs at mostone. Hence the expectednumber
of active intermediatalestinationss atmostone.

Now assumehe intermediatedestinationsarefixed. Note that
this alsofixesthe pathfrom level d + ¢ to level 2d. It remainsto
considerthe numberof active configurationof ¢ pathsp!, . .., p;
suchthatp; connectss; andd,, andtraversese. Pathspi,...,p})
andp donotoverlapin therandomizatioevels. Thiscanbeshavn
asfollows. If two pathssharea randomswitch s thenthesepaths
arrive andleave s on differentedges.Furthermorethesepathsdo
not overlapat ary otherswitchwith distancdessthand + 1 from
s. Hence two pathsthattraverseedgee cannothave usedarandom
switchwith distancdessthand + 1 from thetwo switchesadjacent
to e, andconsequentithey cannotmeetonarandomswitchonthe
levelsO,...,d/2 — 1 orthelevelsd +d/2+1,...,d + £.

Thenumberof differentpathsconnectings; with d; andtravers-
ing e is one. Thus,the numberof admissibleconfigurationfor the
p;’sis atmostone.All pathsin theadmissibleconfigurationdo not
sharearandomlyflipped switchwith anothetpathfrom the config-
urationof v;. Hence,the numberof unrevealedrandomswitches
traversedby eachof thesepathsis d/2 + (d + £) — (d+ d/2) = L.
Exceptfor the switch on level 0, all of theseswitchesmustcorre-
spondto the courseof the respectie path. The probability for this
eventis 2~ ¢~ As aconsequenceheprobabilitythatall k paths
areactiveis atmost2~* (¢~ 1),

Puttingit all togetherthe expectechumberof active configura-

tionsfor v; is
£—1
d. <2 ) g—ee-1n o 4
c —c’

which completegheproofof Lemma2.2. [ |

Now we give an upperboundon the expectednumberof the
active configurationsfor the pruningnodes. For a pruning node
w,; anda collection K of configurationdor all internalnodesand
thepruningnodesws, . .., w;—1, let Eprune (w;i, K) denotetheex-
pectechumberof active configurationgor w; undertheassumption
thatall configurationsn K areactie. Let Eprune (w;) bethemax-
imumover all configurationsX” of Eprune(ws, K).

Lemma 2.3 Eprunc(w;) < 2573 . (logn 4+ 1)/v/n. .

Proof. The conflicting pathp of pruningnodew; is eitherasso-
ciatedwith the conflictingnodew, or p or its buddy sharesa ran-
domly flipped switchwith a pathassociatedo ;. Thetreeshape
specifiesu;, andthe configurationK fixesthe requestassociated
with u;. For ary consistentsettingof the randomswitches,the
numberof pathssharinga randomlyflipped switch with the two
pathsbelongingto this requestis at most2 - (logn + 1) (inclu-
sive the two pathsthemseles). Consequentlyfor ary settingof
the switches the numberof candidategor the collision requests
atmost2 - (logn + 1), and, hence the numberof candidategor
thecollision pathis atmost4 - (logn + 1).

Now supposehe collision pathis fixed. The down pathof w;
collideswith this path. First, we assumethat the collision is in
level ¢, with d/2+1 < ¢ < d. Lete denotetherespectie collision
edge.Thereis at mostoneadmissiblecoursefor the dovn pathof
w; from its sourcenodeon level 0, which is determinecby K, to
thecollision edgee.

The courseof the down pathfrom level 0 to level £ is deter
mined by the randomlyflipped switches. Property5 ensureghat
at most5c of the switchestraversedby the down pathare shared
with otherpathsin K. Hence,at least{ — 5c¢ of the randomly
flipped switchesdeterminingthe courseof the path from level 0
to level ¢ areindependendf K, and consequentlythe probabil-
ity thatthe down path of w; is equialentto the only admissible
pathin theselevelsis 27“+>¢. Summingover all collision levels
¢, with d/2 + 1 < £ < d, yieldsanupperboundon the probabil-
ity thatthe switchesalongthe collision pathare setappropriately
of 2-4/2+5¢  Sincethe sameboundholdsalsofor collisionswhen
d+1 < ¢ < 3d/2, theprobabilitythatthe down pathis equialent
to the only admissiblepathis at most2-%/2+5¢t1 As a conse-
guence the expectednumberof active configurationdfor w; is at

most2~ /25t . 4. (logn 4 1) = 2°°7% . (logn + 1)/y/n. W

Theboundfor Eqon(v:) ontheexpectechumberof active con-
figurationsfor aninternalnodev; is independenof the configura-
tions of the internalnodesvs, ..., v;—1. Furthermorethe bound
for Eprune(w;) on the expectednumberof active configurations
for a pruningnodew; is independenbf the configurationson all
internalnodesandthe pruningnodesws, . . . w;—1. Consequently
theseboundsare independenestimationsof expectedvaluesand
canbe multiplied in orderto getanupperboundon the expected
numberof all configurations.Sincethe numberof choicesfor the
initial configurationk in E(v1, K) specifyingtherequestssoci-
atedwith the rootis n, we getthe following upperboundon the
expectedhumberof active witnesstreeconfigurations.

Z E(T) < Z n- H Ecoll(Ui) H Eprune(wj)
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for k = [¢/2] = O (loglogn/ logloglog n) andasuitablylarge
t = O (loglogn/logloglogn).

Equationl is an immediateconsequencef Lemma2.2 and
Lemma2.3.

Equation2 is basedntherelationshigbetweenn andm’: The
full witnesstreeincludesc disjoint subtreef heightt — 1. For
eachof the m’ pruning nodes,somenodesfrom at mosttwo of
thesesubtreesareremoved. Consequentlyat leastc — 2m’ of the
subtreegemainuntouched. Since eachof theminclude at least

¢!~? internalnodeswe get

m>(c—2m) - 2> (k-m) 2.

Applying this equationandsubstitutinge! = (1 + €) - log n yields

logn\™ —et2 (k)
( c! ) s (149




< 2543 (logn+1)\ " "
— \/E )

fort > log,log, , . n + 2 = ©(loglogn/logloglogn).
Equation3 resultsfrom aboundonthe numberof differenttree
shapesin particular thereareat most
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possiblechoicesfor the at mostx pruningnodesamongthe (c¢* —
1)/(c — 1) internalnodesof thewitnesstree,andat most

A < (et
c—1 -

possibilitiesto choosghem’ conflictingnodesamongthe (¢! —
1)/(c+ 1) < ¢! nodesof thefull witnesstree. Sincespecifying
thesenodescompletelydetermineghe shapeof the tree,the total
numberof differenttreeshapess at mostc™ + ¢=(t+1) < (2rttr,
We have alreadyshavn thatZTeT E(T) isanupperboundon
theprobabilitythatthec-collision processakesmorethant rounds.
Hencethis probabilityis atmostn ~¢/++1+°(1) |t remaingo shav
that determiningwhich pathsbecomeinactive eachroundcanbe
donein time O(logn), with high probability Recallthat,in our
model,this computatioris accomplishedby sendinga paclet back
andforth alongeachactive paththroughthe network usinga store-
and-forward algorithm.Accordingto [23], suchacomputatiorcan
be donein time O(congestiond- dilation), with high probability
using only constantsize buffers at eachedge. Note herethat the
congestionwve wish to boundis the congestiorcausedusing this
store-and-fonard scheme not the congestiorunderthe collision
algorithm. However, this congestioris easilybounded.Let C de-
notethe congestiorof all 2n paths.
Lemma2.4 C < a-logn/loglogn , with probabilityn =2 +0®),
Proof. Thecongestiorin therandomizatiorievelsis 1. Therfore,
we only have to considerthe collision levels. The probability that
a fixed collision edgeis traversedby at leastC' pathsis at most
1/C!". Thisboundfollows analogouslyto the proof of Lemma2.2.
Hence,the probabilitythatoneof the 2 - n - log n collision edges
hascongestiorC' is atmost

2-n-logn-1/C! < n~*tOMW
for C > a - logn/loglogn. [ |

Applying Lemmaz2.4 yields that eachround can be computedin
time O(logn), with high probability This completeshe proof of
Theorem2.1. |

2.2 Dynamic routing in BB,

We now describea simplealgorithmthatroutespathsdynamically
in thenetwork B B,,, wherethe dynamicmodelis specifiedasfol-
lows. As before,a requestis an input-outputpair. An oblivious
ad\ersaryspecifiesaninfinite sequence, o2, . . . of requestsThe
requests; mustbe handledat time step:. If attime i neitherthe
input nor the output of ¢; is alreadylocked, then the algorithm
must establishand lock a pathin the network betweenthe input
andoutputof o;: Thisis anarrival. If alocked pathbetweerthe
input-outputpair alreadyexists, thenthe pathis released:This is
a departue. In all othercasegshe requestmay be ignored. That

is, thealgorithmonly connectsaninput-outputpair if neitheris al-
readyinvolvedin a connectionWithout lossof generalitywe may
assumehatthesequencef requestsncludesonly valid arrival and
departuresvents. An input-outputpair is saidto exist at eachtime
k betweerits arrival anddeparture.

The minimum algorithm. To solve the dynamicrouting problem
on the two-fold butterfly BB,,, we initialize BB,, asin Section
2.1. Let s; denotean arrival event. A pathfor the corresponding
request; is choserasfollows. Foranedgee in thecollisionlevels,
definec(e) to bethe numberof pathsthattraversee attimei. The
algorithmexaminesthe two pathsp andp’ that connectthe input
to the outputof ;. The congestiorc(p) of a pathp is definedto
bemaxccp(c(e)). If c(p) < c(p'), pathp is choserfor requestr;;
otherwisepathp’ is chosen.

Theorem 2.5 At anytimet, the probability that the congestionis
greaterthan©(log log n) is at mostp, ~©(eglos )

Proof. Theproofis similarto thatof Theorem?2.1.
Constructing awitnesstr ee.First,wefix thesettingof therandomly-
flippedswitches.This determineswo choicesof pathsfor eachre-
quest. Assumethatthereis anedgee with congestiorargerthan
4c at sometime ¢, wherec = [loglogn]. Let p denotethe last
pathmappedo edgee on or beforetime t. Whenp wasmapped
to e therewere already4c other pathspresentat this edge. Let
p1,-..,psc denotethesepathssuchthat p; was mappedto e at
time stept; with ¢t; < t;+1. Theroot of the treeis the request
correspondindgo p andthe requestsorrespondindo p1, . . . , p4c
areits children.Now we considerthe buddiesp’, . . . , p}. of these
paths. Path p} traversesan edgewith congestiorat leasti — 1 at
time stept;, becaus¢hecongestiorof p; is notlargerthanthecon-
gestionof p; attime i, andwhenp; wasmappedo e therewere
already: — 1 otherpathspresentat this edge. As a consequence,
we canconstructtreeby applyingtheargumentabove recursvely
topé? et 7p£]=(;'

Thetreeconstructedbore is irregularin thatnodeshave vary-
ing degrees However, it containsa c-arytreeof heighte, whichwe
call thewitnesstree,with thefollowing properties.

e The nodeon level 0, i.e., theroot, hasc childrenthat are
internalnodes.

e Eachinternalnodeonlevelsi,...,c — 2 hastwo children
that are internal nodesand ¢ — 2 childrenthat are leaves,
andeachinternalnodeon level ¢ — 1 hasc childrenthatare
leaves.

Pruning the witnesstree. The pruningis doneby a breadth-first
traversalof thetree.We usethesamedefinitionsfor B(v) andI'(v)
asin Section2.1. However, the pruningrulesareslightly different.
Whenanodevw is visited, thefollowing rulesareapplied.

1. If apathassociateavith oneof v’s hon-prunechildrentra-
versesa randomly-flippedswitch thatis alsotraversedby a
path associatedvith a nodew from B(v) U I'(v) thenall
nodesbelon v arepruned.Nodew is denotedhe conflicting
nodeof v. Notethatthedown pathof v eithershares colli-
sionedgewith a pathp thatis associateavith «, or it shares
acollision edgewith apathp suchthatp or its buddyshares
arandomswitch with a pathassociatedvith «. This pathp
is denotedhe conflictingpathof v.

2. Dependingntheconflictingpathp we applyafurtherprun-
ing. For eachnodeu € T'(v) suchthat eitherthe input or
outputnodeof u coincideswith theinput or outputnodeof
pathp, we pruneall thenodedelow w. Thefirst pruningrule
ensureghatthereis atmostonerequesin B(v) U T'(v) in-
cidenton eachinputandoutputof the network, eventhough



therequestén B(v)UT'(v) existatpossiblynon-orerlapping
times. Thus, at mosttwo nodes,call them« and u’, get
pruneddueto an applicationof this rule. Nodesu andw’

are definedto be the conflicting nodesof v. (For simplic-
ity, we pretendthateachpruningnodev hastwo conflicting
nodesu andv’; if thisis notthe casewe simply setu andu’

to bethe samenode.) The secondpruningrule ensureghat
Propertiedl and5 asstatedn Section2.1holdfor thepruned
witnesstree— specifically the down pathof a pruningnode
cannotsharemorethantwo randomly-flippedswitcheswith

agivenconflictingpath.

We continuethe pruning procesgtill eitherthereare no more
nodesto visit or therearex = [¢/3] pruningnodes.In thelatter
case,we apply a final pruning. If v is the xth pruningnode,we
remove from thetreeall nodesnotincludedin B(v) U T'(v). The
remainingtreeis calledthe prunedwitnesgree
Bounding the probability of occurrenceof a pruned witness
tree. The termstree shape admissibleconfiguation, and active
configuation aredefinedasin Section2.1. Let 7 denotethe setof
all tree shapesand,for T € 7, let E(T") denotethe expected
numberof active witnesstree configurationswith tree shapeT'.
Let vi,...,vn bethem internalnodesof T'. Furthermore for
a collection K of configurationsfor the nodesw, ..., v;,—1, let
E.on(vsi, K) denotethe expectednumberof active configurations
for v; underthe assumptiorthat K is active, andlet Eqon(v;) de-
notethe maximumover all configurationss’ of Econ(vs, K).

Lemma2.6 Ecou(v;) <logn/cl .

Proof. The proof is identical to that of LemmaZ2.2, sincethe
prunedwitnessconstructedherefulfills Propertiesl and2 asstated
in Section2.1. [ |

Letw,...,w,, denotehem’ pruningnodesof T', andlet u;
andw, denotethe conflictingnodesassociateavith w;. For acol-
lection K of configurationgor thenodess, . . . , v, andwy, . . .
let Eprune (ws, K) denotethe expectednumberof active configu-
rationsfor w; undertheassumptiorthat K is active. Furthermore,
let Eqon(w;) denotethe maximumover all configurationskK of
Ecoll (Ui7 K)

Lemma2.7 Eprune(w;) < 253 . (logn + 1) /1 .

Proof. Theprunedwitnesstreedescribedabove fulfills Properties
3, 4 and5 statedin Section2.1. Hence,the proof of Lemmaz2.3,
which is basedonly on thesethreeproperties holdsalsofor this
lemma. [ |

The probability that the congestionexceedsdc is at mostthe
probabilitythata prunedwitnesstreeexists. Thelatter probability
is atmost

ZE(T) < Z ﬁEcoll (vi) ﬁ Eprune(w;)
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wherex = [£] = O (loglogn).

Equationl follows from the relationshipbetweenm andm’:
Eachof thec childrenof theroot of thefull witnesstreeis arootof
asubtreewith 2¢~! — 1 internalnodes For eachof them’ pruning
nodesnodesrom atmost3 of thesesubtreesreremored. Thus,at
leastc — 3m’ of thesubtreesemainuntouchedAs aconsequence,

m>(c—3m) 2" =1)>(k-—m') (2" =1) .

Applying this equatiorandsubstitutingc = [log log n] yields

(1°gn)m < 9 (@ D) () o 253 (logn + 1)\
c! - = NG )

for sufficiently largen.
Equation2 resultsfrom aboundonthe numberof differenttree
shapesin particular thereareat most

r c—1
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possiblewaysof chooosingheatmostx pruningnodesrom theat
mostc - 2°~! internalnodesof thewitnesstree. Furthermorethere
areatmost

(02 ) 2071)2”/ < A glemD)2n

possibilitiesto choosethe 2m’ conflicting nodesfrom the at most
2. 2¢=1 nodesof the full witnesstree. Multiplying the bounds
ygeldsthatthetotal numberof differenttreeshapess at mostc®” -
2- Cli.
This completeghe proof of Theoren.5. [ |

3 A proposal for a data server

We presengainapplicationof ourtechniqueso thedatasenerarchi-
tectureproposedn theintroduction. For eachinput nodes, let o;

betheobjectrequestedby theuseratinputnode: of therandomly-
wired butterfly RB,,. We assuméhato; # o; for i # j. Each
objectis storedon two disks: the first disk is chosenuniformly
and randomlyfrom the first n/2 disks, while the seconddisk is
choseruniformly andrandomlyfrom the lastn /2 disks. We call
the two instanceof objecto; the copiesof o;. For anobjecto;,

let d1(0;) anddz(o;) bethe disksstoringthe copiesof 0;. Asin

Section2, we definetwo pathsp andp’ startingatinput nodei: p
connectdnput node: with outputnoded; (o;), andp’ connects

with dz(0;). Sincethe copiesof objecto; arelocatedin different
sub-hutterflies,p andp’ areedgedisjoint paths.Unlike Section2,
we mustminimize not only congestionput alsothe contentionat
the outputnodes,i.e., the maximumnumberof requestsary disk
hasto sene.

3.1 Static routing

For the static selectionof pathswe usea modified versionof the

collision protocolof Section2. Initially, all pathsare activeand
not selected For a pathp connectingnputnode: andoutputnode
di(0s), k € {1,2}, let A(p) bethedestinationof p. A pathp is

selectedf for eachedgee € p thenumberof active pathsplusthe

numberof selectedathstraversinge is at moste, and thenumber
of active pathsplus the numberof selectecpbathswith destination
A(p) is atmoste. If p andits buddy p’ are both eligible to be

selectedpneis choserarbitrarily. A pathp cease$o beactive in a

roundif p is selectedr thebuddyof p, p’, is selectedn thatround.
Thealgorithmterminatesvhenthereareno moreactive paths.



Theorem 3.1 For any¢ > 5 andc! > 2log n, the probability that

thecollisionalgorithmon R B,, takesmorethant = log_ log(n/logn)

roundsto selecta pathfor everyrequests at mostn, ~%/2+1+o(1),

Proof. Theproofis similarto thatof Theoren2.1in Section2.1.
Constructing a witnesstree. For eachinput node: fix its re-
guestedbjecto;. Fix therandompermutationsro andm; usedto
definetherandomly-wirecbutterfly R B,,, andfix therandomdisks
dy(0;) anddz(o;), fori =0, ...,n — 1. For eachrequestthis de-
terminestwo paths. We saythat two pathsp andp edge-collide
if p andp bothtraverseanedgee. They aresaidto disk-collideif
p andp have the samedestinatiomodeon the outputlevel. Two
pathsthateitheredge-or disk-collidearesaidto simply collide.

Assumethat thereis a requestwith pathsp andp’, and nei-
ther path has beenselectedby round ¢, wherethe value of ¢ is
to be determinedater Thenp eitheredge-collidedwith ¢ other
pathsp1, ..., p. in roundt or p disk-collidedwith ¢ other paths
p1,-..,pe inroundt. If pisinvolvedin anedge-collision(resp.,
disk-collision), the root of the witnesstreeis the requestcorre-
spondingto p andtherequestsorrespondingo p1, . . ., p. (resp.,
p1,-..,pz) arethe children. Now p1, ..., p. (resp.,p1,...,Dpz)
andtheirbuddiesp’, ..., p. (resp.pi, . .., p=) musthave beenac-
tive in roundt — 1. Applying the sameargumentrecursvely to
ph, ..., pL (resp.,pi, ..., ps) we canconstructa treeof heightt.
Thistreeis calledwitnessree

Eachnodein the witnesstreeis a requestwith two paths,a
down pathandanup path. Somenodesn thetreecorrespondingo
disk collisionshave degreec, while otherscorrespondingo edge
collisionshave degreec > ¢. Therightmostc — ¢ childrenof a
noderepresentingnedgecollisionarecalledsuperfluousiodes In
orderto boundthe numberof nodesn thewitnesstree,all subtrees
rootedat a child of a superfluousiodeareremoved. (We will not
refer to this as“pruning’ in the sequel.) Note that a superfluous
nodedoesnotrepresenacollision.
Pruning the witnesstree.Asin Section2.1,thenodesf awitness
tree do not necessarilycorrespondo distinct requests.However,
the situationhereis lesscomplex becausehereareno randomly-
flippedswitchesthatcouldbe sharedoy differentpaths.Thus,it is
sufficient to ensurethatthe requestsn the prunedwitnesstreeare
distinct.

The pruningis doneby a breadth-firstraversalof the witness
tree.Let B(v) andI'(v) bedefinedasin Section2. Whenanodev
is visited,we usethefollowing pruningrules:

1. If a pathassociatedvith one of v's non-prunecchildrenis
alsoassociatedith anodeuw in I'(v), thenthesubtreesooted
at the childrenof v areremored from the tree,andthe sub-
treesrootedat the childrenof v arealsoremoved from the
tree. The nodew is calleda pruningnode The nodeu is
denotedhe conflictingnodeof v.

2. If apathassociatedvith one of v's non-prunecchildrenis
associatesvith anodeu from B(v) thenthe subtreesooted
atthechildrenof v areremovedfrom thetree. Thenodev is
calleda pruningnode Thenodeu is denotedhe conflicting
nodeof v.

We continuethe pruning procesdill eitherthereare no more
nodesto visit or therearex = [£] pruningnodes. In the latter
case,we apply a final pruning. If v is the xth pruningnode,we
remove from thetreeall nodesnotincludedin B(v) U I'(v). This
effectively stopsthe pruningprocesst the xth pruningnode. The
remainingtreeis calledthe prunedwitnesdree

Let vi,...,vn bethem internalnodesandlet w, ..., w,,
bethem’ pruningnodesin the orderof visitation. Further let u;
denotethe conflicting nodeof w;, for 1 < i < m/. The pruned
witnesstreepossessehe following properties:

1. Any internalnodev representacollisionof thedown pathof
v with the up pathsof the childrenof v. Thedown pathof a
pruningnodew collideswith apathp thatis associateavith
its conflicting nodew. The pathp is calledthe conflicting
pathof w.

2. All nodesof thetreecorrespondo differentrequestsin par
ticular, pruningnodew; doesnotrepresenthe samerequest
asaconflictingnodeu;, 1 < j <.

Bounding the probability of occurrenceof a pruned witness
tree. We definethe treeshapeto be a descriptionof the topology
of the prunedtreeincludingthe degree(c or ¢) of theinnernodes,
the pruningandthe conflicting nodes.An admissiblewitnesstree
configuationis atreeshapewith associatedequestsyp anddown
paths,and conflicting paths,which eventually i.e. for someset-
ting of therandompermutationslefiningthe R B,, andtherandom
choicesfor the d; (0;), d2(0;), 0 < ¢ < n — 1, matchesa pruned
witnesstree. In particulareachadmissiblewitnesstree configura-
tion hasto fulfill the two propertiesstatedabore. An admissible
configurations activeif theoutcomeof therandomchoicescorre-
sponddo all pathsin the configuration.

The setof treeshapesorrespondingo atleastoneadmissible
witnesstree configurationis denotedby 7. As in Section2.1, we
boundthe expectednumberof active witnesstree configurations
E(T), for anarbitraryT € 7. Let E.on and Eprune beasdefined
in Section2.1.

Lemma3.2 Eqou(v;) < max{%%7 2E—T .

Proof. We first boundthe expectednumberof active configura-
tions for v; representingan edgecollision. In this casev; hasc
children.Fix therandompermutationr, and; usedto definethe
randomly-wiredbutterfly.

Theexpectechumberof active down pathsfor v; is atmostone.
Given pathp, thereared = logn possibilitiesto chosean edgee
at which p collideswith the up pathsp;, ..., p. of the children
of v;. Let/ bethelevel of e. Sincew, andr; arefixed, there

areatmost (21 ]) possibilitiesto chosec pathspossiblyattaining
e. Dependingon the randomchoicesof the destinationgachsuch
pathattainse with probability2 =~ Thus,theexpectechumber
of active configurationdor v; is

[7
g (27 gty o d
c - c!

Similarly, the expectednumberof active configurationdor v; rep-
resentingadisk collision (v; hase children)is boundedoy

() <
c n/) — ¢
sincetherearen pathspossiblyhaving the samedestinatiorasthe

down path of v; and eachsuchpath actually hasthis destination
with probability2/n. [ |

Lemma3.3 Eprune(w;) < d/n.

Proof. Let u; be the conflicting node of w;. Assumethat w;

representan edgecollision. Sincew; is associateavith 2 paths,
thereare2d possibilitieso choosegheedgee onwhichthecollision
takesplace. We distinguishtwo cases.f the up pathp of w; uses
acrossedgein level 0, thenits buddy p’ startsby usinga straight
edgein level 0. Thusthelevel 1 nodeattainedby p’ is arandom
node.If p usesa straightedgein level 0, thenp’ usesa crossedge
in level 0, andthusattainsarandomnodein level 1.



In the levels subsequento level 1, the courseof the down
pathp’ of w; dependnly on the randomchoiceof its destina-
tion A(p’), henceatevery level p’ attainsarandomedgeandthus
the probability for p’ to collide with edgee is 1/(2n). As acon-
sequencehe expectednumberof active configurationsat pruning
nodew; is atmost2d - 5~

Now, assumehatw; representadisk collision. Thenlet A(p)
bethedestinatiorof thedown pathp of w;. Theprobabilityfor the
pathsassociatedo u; to have destinationA(p) is 1/n. Thusthe
expectednumberof active configurationsat w; is at most2/n <
d/n,if d > 2.

|

Asin Section2.1we proceedy boundingtheexpectechumber
of active withesstreeconfigurations.

Z E(T) S Z H Ecoll Uz H Eprunc wz

TeT TeT =1
logn 2°¢ moraN™
< 0w { g} (3
TeT
d K
(e9) . hd
Yo (3)
TeT
) n,52“t62(at).(g)ﬁ
s n

(3) —e/214o(1)

Equationl follows from aboundrelatingm andm’. Equation2 is
obtainedby boundingthenumberof treesin 7, takinginto account
thefacteachinternaltree nodecaneitherrepresentin edgecolli-
sionor adisk collision. Both of theseboundsarederivedin afash-
ion similarto their counterpartén Section2.1. Equation3 follows

from thefactthatt = log, log(n/d) andmax{12£™ 21} < 1/2.
|
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3.2 Dynamic routing

Model description. The modelis similar to the adwersarymodel
usedin Section2.2. An oblivious adwersaryconstructan infinite
sequenc®f events,whereeacheventis eitheraninput requesting
anobjector aninput releasingan object. At ary giventime each
objectis accessetly at mostoneinput, andeachinput accesseat
mostoneobject.

The minimum algorithm. Let a request(i, 0) arrive at time ¢,
wherei is aninputnodeando is the objectrequestedy i. For an
edgee, definec(e) to bethenumberof pathsthattraversee attime
t, andé(4) to bethe numberof pathswith destination; attime ¢.
(We leave thet implicit asthe meaningwill beclear) Theconges-
tion ¢(p) of apathp is definedo bemax{max.c,(c(e)), é(A(p))},
whereA(p) is thedestinatiorof p. Thealgorithmexamineghetwo
pathsp andp’ thatconnecinput node: with thetwo outputnodes
d1(0) anddz (o) thatstoreobjecto. Therequesis fulfilled by p if
c(p) < c(p'), otherwisetherequests fulfilled by p'.

Theorem 3.4 Atanytimet, theprobability thatthe congestionex-
ceedsO (log log n) is at mostn ~©leslos )

Proof. As in Section3.1, we constructa witnesstree obeying

the modificationgmadein Section2.2to thewitnesstreeconstruc-
tion of Section2.1. We prunethe tree usingthe rulesin Section
3.1 (modifiedasin Section2.2) usingat mostx = [¢/3] pruning
nodes.Theproofsof thefollowing lemmasaresimilarto theproofs
of thecorrespondingemmasin Section3.1.

Lemma3.5 Econ(vs) < logn/cl.
Lemma3.6 Eprune(w;) <d -+

Finally, we boundthe probability that the congestiorexceedsic,
wherec = O(log log n), by boundingthe probabilitythata pruned
witnesstreeexists.

Z E(T) < Z H Ecoll 'Uz H Eprune wz

TeT TeT i=1

logn a\™
s ™ Z ( c! ) . (E)
TeT

d K
D ony (g)
TeT

d K
(2) n - C4I<L . 22‘:11 . (_)
n

—c/34+1 1
< nC/JrJFO()7

whereEquationsl and2 arejustifiedasin Section2.2. [ |
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